When the Ricci curvature of a Riemannian manifold is not lower bounded by a constant, but lower bounded by a continuous function, we give a new characterization of this lower bound through the convexity of relative entropy on the probability space over the Riemannian manifold. Hence, we generalize K.T. Sturm and von Renesse's result (Comm. Pure Appl. Math. 2005) to the case with non-constant lower bound of Ricci curvature.
Introduction
In the work [9] , K.T. Sturm and von Renesse give a characterization of lower bound of Ricci curvature of a Riemannian manifold M through the convexity property of relative entropy on the probability space over M . There they considered the setting that Ricci curvature of the manifold is lower bounded by a constant. The goal of this paper is to extend their characterization to the case that the Ricci curvature is bounded below by a continuous function. The idea of K.T. Sturm and von Renesse's [9] has been extended in [7] [11] [12] to metric measure space, and this new definition of lower bound of Ricci curvature owns the stability under the convergence of metric measure space. We refer the reader to the book [13] for more related works on this widely studied topic.
Let M be a smooth connected Riemannian manifold of dimension n. Fix a point o ∈ M throughout this work. Denote by ρ(x, y) the Riemannian distance between x, y ∈ M , and set ρ o (x) = ρ(o, x) for x ∈ M . Let m(dx) be the Riemannian volume measure on M . Let P(M ) be the set of all probability measures on M . For µ, ν ∈ P(M ), the L 2 -Wasserstein distance between them is defined by
where C (µ, ν) stands for the set of all couplings to µ and ν, that is, the set of all probability measures π on M × M with π(A × M ) = µ(A) and π(M × A) = ν(A) for every Borel set A ⊂ M . P(M ) endowed with the metric W 2 (·, ·) is called a Wasserstein space. The properties of (P(M ), W 2 ) are closely related to the properties of M . For example, except the discussion on lower bound of Ricci curvature such as in [9] and present work, [5] showed the heat flow on M can be obtained as the gradient flow on P(M ) for the relative entropy. This idea has been extended to deal with other kinds of differential equations in [1] . Let P 2 (M ) be the set of all probability measures µ on M which is absolutely continuous with respect to (w.r.t.) volume measure and satisfies M ρ(o, y) 2 µ(dy) < ∞. This work strongly depends on the optimal transport map on manifolds. In order to introduce our main result, we recall some basic results on the optimal transport map on Riemannian manifold. By [8] , for any pair of absolutely continuous probability measures µ 0 and µ 1 in P 2 (M ), there exists a unique map
there exists a function φ such that F can be expressed in the form F (x) = exp x (∇φ(x)). Let F t (x) = exp x (t∇φ(x)) for t ∈ [0, 1]. Then µ t := (F t ) * µ 0 is the unique geodesic in (P(M ), W 2 ) joining µ 0 to µ 1 . By [4, Proposition 5.4] , for each t ∈ (0, 1), µ t is absolutely continuous w.r.t. the volume measure m on M . Hence, we have µ t ∈ P 2 (M ), t ∈ (0, 1).
The entropy is defined as a function on P(M ) by
if ν is absolutely continuous w.r.t. volume measure m on M and
otherwise, Ent(ν) := +∞. Our main result of this work is:
The following properties are equivalent:
where the map F : M → M is the unique optimal transport map between µ 0 and µ 1 for the L 2 -Wasserstein distance, which can be expressed by F (x) = exp x (−∇ϕ) for some function ϕ. Here µ t = (F t ) * µ 0 , t ∈ [0, 1], is the geodesic jointing µ 0 to µ 1 , where
As an application of this result, we can obtain the following volume growth estimate when the Ricci curvature of Riemannian manifold is locally lower bounded.
In particular, if
According to [2] , the local curvature bound Ric x ≥ −K x can also be characterized by the log-Harnack inequality and gradient estimate of the heat semigroup. To be more precise, let p t (x, y) be the heat kernel on M , that is, the minimal positive functional solution of the heat equation
) be the Brownian motion on M with starting point x and life time ζ(x), where ζ(x) = lim N →∞ ζ N (x), and
The associated semigroup is given by 
The following statements are equivalent:
the log-Harnack inequality
holds for strictly positive f ∈ B b (M ), where
holds for all x ∈ D, t > 0, f ∈ B b (M ). If moreover P t 1 = 1, then the statements above are also equivalent to:
For any bounded open domain D ⊂ M and any φ ∈ C D , the Harnack inequality
holds for non-negative f ∈ B b (M ), t > 0 and x, y ∈ D such that the minimal geodesic ℓ(x, y) linking x with y is contained in D.
Proof of the results
This section is devoted to the proof of our results. The volume distortion coefficient v t plays a crucial role in our analysis. We recall the definition and some basic properties of v t from [4] . For t ∈ [0, 1] and x, y ∈ M , let
Z t (x, y) is the barycenter between x and y. For a set Y ⊂ M , define
Letting B r (y) ⊂ M denote the open ball of radius r > 0 centered at y ∈ M , for t ∈ (0, 1] the volume distortion coefficient v t is defined by
It always holds v t (x, y) > 0 and v 1 (x, y) = 1. We recall the following comparison bound on volume distortion from [4, Corollary 2.2]
Then for x, y ∈ M with y / ∈ cut(x) and t ∈ (0, 1),
, where S(r; k) is defined by
Proof of Theorem 1.1:
By changing of variable, we get
By the arbitrariness of g, we get
According to [4, Theorem 4.2] , F (x) does not belong to the cut locus of x for µ almost everywhere x. Then by Lemma 6.1 of [4] , J t = det(dF t (x)) satisfies the inequality
Therefore,
In order to use the comparison bound on volume distortion ([4, Corollary 2.2]), for each x ∈ suppµ 0 , we consider the open set B x (ρ(x, F (x)) + ε), which is a geodesic ball centered at x with diameter ρ(x, F (x)) + ε, where 0 < ε < 1. We look on B x (ρ(x, F (x)) + ε) as a manifold, which satisfies
Then by noting that the lower bound of Ricci curvature is negative, Lemma 2.1 implies
Therefore, combining (2.5) with (2.4) and letting ε → 0, we get
where we have used the concavity of the logarithm and following inequality (cf. [9] )
(ii) ⇒ (i): If (i) does not hold, then there exists a point z 0 ∈ M such that Ric z 0 < −K z 0 . By the continuous property of K x , there exist two positive constants ε 0 and δ with ε 0 , δ < 1 such that
and B δ (z 0 ) is geodesically complete. Next, similar to [9] , we can construct two probability measures µ 0 , µ 1 with supp
Indeed, let e 1 , e 2 , . . . , e n be an orthonormal basis of T z 0 M such that R(e 1 , e i )e 1 = k i e i for some numbers k i , i = 1, . . . , n.
), A 0 = B β (exp z 0 (−re 1 )) be geodesic balls and
. By choosing β ≪ r ≪ δ, one gets that γ 1/2 ∈ A 1/2 for each minimizing geodesic γ : [0, 1] → M with γ 0 ∈ A 0 , γ 1 ∈ A 1 . Let µ 0 and µ 1 be the normalized uniform distribution in A 0 and A 1 respectively, and let ν be the normalized uniform distribution in A 1/2 . Then
where c n = m(B 1 ) in R n , and
Since the support of µ 1/2 is contained in the set A 1/2 , one gets
Consequently,
for β ≪ r ≪ δ. Hence, we obtain (2.6).
On the other hand, since supp(µ 0 ) and supp(µ 1 ) are contained in B r+β (z 0 ), one gets that for each x ∈ suppµ 0 , ρ(x, F (x)) ≤ 2(r + β). By (ii), we have
Since lim r→0 K(B z 0 (6r)) = K z 0 < K z 0 + ε 0 /2, we can choose r > 0 small enough so that
Thus, by (2.8) we get
which is in contradiction with (2.6). We complete the proof of this theorem. Next, we shall show how to use our characterization of lower bound of Ricci curvature through convexity of relative entropy to study the volume growth property of Riemannian manifold M . Proof of Proposition 1.2: Let µ 0 and µ 1 be the uniform distribution onB ε (x 0 ) andB R (x 0 ) respectively, i.e. Since µ t = (F t ) * µ 0 , we know that supp µ t ⊂B ε+t(R+ε) (x 0 ). By Jensen's inequality, Ent(µ t ) ≥ Ent 1B ε+t(R+ε) m(B ε+t(R+ε) ) = − log V ε+t(R+ε) .
Hence,
− log V ε+t(R+ε) ≤ (1 − t)Ent(µ 0 ) + tEnt(µ 1 )
≤ −(1 − t) log V ε − t log V R + t(1 − t) 2 K(B x 0 (R + 2ε))(R + ε) 2 .
Take t = ε/(R+ε), then ε+t(R+ε) = 2ε, and the desired inequality (1.2) follows immediately from previous inequality.
